A theory of the electronic circular dichroism ͑CD͒ and optical rotatory dispersion ͑ORD͒ of infinite aggregates exhibiting cylindrical symmetry is presented in which, to the authors' knowledge, for the first time vibrational structure is included explicitly. It is shown that, with the coherent exciton scattering approximation in the Green function approach, the detailed vibrational structure of the aggregate absorption. CD and ORD bands can be calculated from a knowledge of the electronic coupling and the monomer absorption line shape alone. Detailed model calculations for a single helix are made and the results are used to expose the origin of different spectral features. A good reproduction of experimental J-aggregate spectra is obtained, using the same electronic interaction to fit both absorption and CD spectral line shapes. The theory allows some prediction of aggregate geometry to be made, but it is shown that an unambiguous geometrical assignment can only be made where experimental spectra for light of different propagation directions with respect to the cylinder axis are available.
I. INTRODUCTION
Optical activity is the ability of a medium to rotate plane polarized light and to exhibit different absorption intensities for left and right circularly polarized light. The frequencydependent difference in absorption of left and right circularly polarized light is called circular dichroism ͑CD͒. The frequency-dependent rotation of plane polarized light ͑which results from the difference in the refractive indices for left and right circularly polarized light͒ is referred to as optical rotatory dispersion ͑ORD͒. Until the beginning of the 1960s, experiments on polymers were restricted almost exclusively to ORD measurements, 1 but now the use of CD has become a standard tool in many areas of physics, chemistry, and biology. As a result of their sensitivity to the molecular geometry, CD and ORD have been utilized for many years to obtain information about molecular structure and the interaction between molecules ͑e.g., polypeptides and proteins, 2 chromophores in light harvesting systems, 3, 4 or molecular aggregates 5 ͒. In addition to this classical use of CD, in recent years many new applications have emerged; for example, CD is used to study the chirality of carbon nanotubes 6 and gold nanoclusters. 7 An unconventional method based on CD to detect peanut DNA in food by means of a peptide nucleic acid probe and a cyanine dye was suggested, 8 and it was demonstrated that, with the aid of exciton-coupled CD, DNA can be used as a helical ruler to study the interactions between aligned chromophores. 9 For a correct interpretation of the measured CD spectra, a good understanding of the origin of optical activity is necessary. An overview of the theoretical description of CD is given, for example, in Refs. 1 and 10-12. An important point to note is that ORD and CD are not independent but are the real and imaginary parts of the same complex function and are connected by a dispersion relation ͑in the same way as ordinary dispersion and absorption are connected͒.
It was realized that even if a molecule does not exhibit optical activity, an aggregate built from such molecules may show strong optical activity ͑dependent on the arrangement of the molecules͒. By the term "aggregate" we denote a system composed of molecules ͑monomers͒whose wave functions do not overlap but the monomers interact via transition dipole-dipole forces. It was shown by Kirkwood 13 how to relate the optical properties of aggregates to the optical properties of the monomers and their interactions. After the discovery of the helical structure of DNA, a lot of work was concerned with ͑helical͒ aggregates, e.g., Refs. 14-28.
In his classic paper 14 on the theory of optical activity in long helical aggregatess, which is based on the work of Kirkwood, 13 Moffitt treated the aggregate as a molecular crystal, i.e., periodic boundary conditions were imposed and a Frenkel exciton approach was used to describe the aggregate eigenstates. He used as a starting point for his derivation of optical activity the standard Rosenfeld formalism, 29 where it is assumed that the wavelength of light is long compared to the dimensions of the system. In a subsequent publication, Moffitt et al. 15 noticed, by considering finite helices without periodic boundary conditions, that an important contribution to the CD ͑and therefore also to the ORD͒ spectrum is missing in the treatment of Moffitt. In the late 1960s the origin of the missing term in Moffitt's original treatment was clarified by Ando, 30 Loxsom, 31 and Deutsche. 32 It was realized that for long helical aggregates ͑using periodic boundary conditions͒, one cannot use the Rosenfeld formalism, but one has to consider the phase variation of the incoming wave over the length of the helix. The connection to polariton modes of molecular crystals was emphasized by Loxsom. For further reference we summarize briefly the main results of the purely electronic theory of a helical aggregate ͑using periodic boundary conditions͒. We follow the development of Mandel and Holzwarth. 34 The monomers are labeled with n =1, ... ,N, and for each monomer we consider only the ground state ͑with energy E 0 ͒ and the first excited state ͑with energy E mon ͒. Due to the dipole-dipole interaction between the monomers, in the aggregate the excited state is split into N states with energies given by E l = E mon + C͑l͒. In the case of cyclic boundary conditions, the energy shifts with respect to the monomer absorption energy are
where V n0 is the interaction energy of monomer n with any fixed monomer ͑which we take to be the zeroth͒. For a given orientation of the aggregate with respect to the incoming light beam, only three transitions are allowed. The three excited states reached by these transitions are given by selection rules 32-34 l = Q + N and l = Q ± M, where M is the number of turns in the helix and Q = q z aN /2 ͑q z is the projection of the wave vector of the light field onto the helix long axis, which we will just call "the helix axis," and a is the axial translation between neighboring monomers͒. The corresponding energy shifts C͑l͒ are given by
Here is the azimuthal rotation angle between neighboring monomers. For light propagating perpendicular to the helix axis ͑q z = 0 and therefore also Q =0͒, transitions are allowed to states with l = N and l = ± M. This situation is sketched in Fig. 1͑a͒ . The transition from the ground state to state l = N has an electronic transition dipole which is polarized parallel to the helix axis. The two degenerate states l = ± M both have an electronic transition dipole oriented perpendicular to the helix axis. The total CD belonging to these two bands has the same strength as, but opposite sign compared to, the CD band with l = N ͑see, e.g., Refs. 32 and 33͒. By contrast, for light propagating along the helix axis ͑q z = 0 and therefore Q 0͒, transitions are electric dipole allowed only to states with l = Q ± M ͓see Fig. 1͑b͔͒ . The CD of the l = Q + M state has equal magnitude but opposite sign compared to the l = Q − M state. The treatment of Moffitt formally corresponds to setting Q ϵ 0. Then the energetic splitting of the two levels vanishes and the CD signals belonging to these levels cancel each other identically. From the foregoing one sees that it is convenient to distinguish the propagation direction of the incoming light and the polarization with respect to the helix axis. We will denote properties obtained for light propagating parallel ͑perpen-dicular͒ to the helix axis with a superscript para ͑perp͒. With a subscript ʈ ͑Ќ͒ we denote linear polarization parallel ͑per-pendicular͒ to the helix axis.
Initially, the study of helical aggregates was mainly devoted to polypeptides, but there has been a growing interest in helical and cylindrical aggregates composed of organic dyes. [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] These dyes spontaneously self-assemble in solution or on DNA nanotemplates. In several light harvesting systems, one has found a cylindrical arrangement of the porphyrines 44 and it is suggested that organic dye aggregates are promising candidates for the study of artificial light harvesting. 43 In recent years it became also possible to resolve the structure of certain molecular aggregates consisting of organic dyes on the nanoscale using cryogenic temperature transmission electron microscopy ͑cryo-TEM͒, 48, 49 and a cylindrical structure of these aggregates was proposed. 47 As a result of the growing interest in these structures, we will investigate in this work the absorption and the CD spectra of cylindrical aggregates. Helical aggregates, linear stacks, and aggregates in the form of a ring are special cases of this geometry. In the monomer spectrum these dyes show pronounced broadening of the electronic transition due to internal vibrations and coupling to the environment. Therefore, a theory which describes the absorption line shape and the line shape of the CD spectrum has to take care of these effects. There have been different approaches to the inclusion of vibrations ͑e.g., Refs. 50-52͒ and various kinds of disorder ͑e.g., Refs. 53-57͒ into the simple Frenkel exciton model. One of these approaches is the coherent exciton scattering ͑CES͒ approximation, which was developed to include internal vibrations 52, 58 and later extended to include also various other mechanisms responsible for spectral broadening. 57 In previous publications 57, 59, 60 we investigated the absorption spectra of molecular aggregates consisting of organic dyes using the CES approximation and found very good agreement between theory and experiment. The main idea behind the CES approach is to calculate the absorption spectrum of the aggregate using the measured ͑or calculated͒ absorption spectrum of the monomers. Here we will develop this approach further and apply it to the calculation of aggregate CD spectra. The monomers of the dyes considered in this work do not exhibit CD, so that the observed CD of the aggregate is solely due to the geometrical arrangement and the interaction between the constituent monomers.
The paper is organized as follows: In Sec. II we give an introduction to the theoretical treatment of optical activity of long aggregates and a short review of the CES approximation. Then in Sec. III the formulas for absorption and CD within the CES approximation are presented and discussed. After that we illustrate the predictions of the CES theory by specific examples of helical aggregates with varying arrangements of the monomers. In Sec. IV we compare with experimental spectra of dye aggregates. Section V contains a discussion of the results and an outlook.
II. ABSORPTION AND CD IN THE CES APPROXIMATION

A. General formalism
Consider an aggregate of arbitrary geometry. The position of the nth monomer is denoted by X n and its electronic transition dipole is n . We assume that the distance between the monomers is so large that there is essentially no overlap of electronic wave functions of different monomers. The monomers interact via transition dipole-dipole forces. The aggregate Hamiltonian H can be written as H = H 0 + V, where H 0 is the Hamiltonian of the noninteracting monomers and V is the interaction. The Green operators of the monomers and the aggregate are denoted by
respectively. Note the identity
This identity, which is extensively used below, is easily proved by multiplying Eq. ͑6͒ from the right by the operator
Since the Green operator is directly related to the absorption spectrum ͓see Eq. ͑10͔͒ and the Green operator of the aggregate G͑E͒ is connected with that of the noninteracting monomers g͑E͒ via the identity Eq. ͑7͒, this approach is well suited to express the aggregate absorption ͑and CD spectrum͒ as a function of the monomer absorption spectrum and the interaction V ͑see, e.g., Ref. 58͒.
In the following we take the electronic and nuclear motions in the monomers to be Born-Oppenheimer separable. Furthermore, we consider only the electronic ground state and one single electronic excited state.
The electric field ͑at position x and at time t͒ of the incoming light wave with frequency and with wave vector q is given by
The field strength can be written as E = ͉E͉, where the complex unit vector gives the polarization of the electric field. A complex value of corresponds to elliptically polarized light, e.g., for a light wave traveling in the positive z direction, the choice = ͑1/ ͱ 2͒͑ê x − iê y ͒ leads to an electric field that rotates in a clockwise sense as viewed by an observer facing the negative z direction ͑he/she is looking at the source͒. Light with this behavior will be called right circularly polarized. If = ͑1/ ͱ 2͒͑ê x + iê y ͒, the light is said to be left circularly polarized.
Because the size of a monomer is small compared to the wavelength of the light, one can assume that the electric field of the light wave is constant over one monomer. However, note that the phase variation of the field over the whole extent of the aggregate will be retained. As outlined in Sec. I this is necessary when the aggregate size along the direction of light propagation is not small compared to the wavelength of the light. Then the interaction of the incoming light with the aggregate can be written
The aggregate is initially in its ground state, which means that all monomers are in their electronic ground state and also in the vibrational ground state. By the same procedure as used in Ref. 58 , the aggregate absorption cross section for light with energy ប, wave vector q, and polarization can be written as
Here c is the velocity of the light and G nm ͑͒ϵ͗ n ͉G͑E 0 + ប͉͒ m ͘, where ͉ m ͘ denotes a state in which monomer m is electronically excited and all others are in their electronic ground state. The brackets ͗¯͘ in Eq. ͑10͒ denote an average over the vibrational ground state and = ͑E − E 0 ͒ / ប. As shown in Ref. 57 in the same way it is possible to treat also finite temperature and the influence of different kinds of disorder. Let q L/R ͑͒ denote the absorption of left/right circularly polarized light that is propagating in the direction of q. Then one can write the CD for light propagating in direction q as
Equations ͑10͒ and ͑11͒ are our basic formulas. As already mentioned ORD can be obtained from the CD by use of a Kramers-Kronig transformation.
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B. The CES approximation in the Green function approach
The fundamental equation ͓Eq. ͑10͔͒ is expressed in terms of the aggregate Green operator G͑E͒. To obtain the monomer absorption spectrum, one simply replaces G nm in Eq. ͑10͒ by g n ␦ nm , where g n = ͗ n ͉g͉ n ͘. Note that g n and G nm are still dependent on nuclear coordinates. To find a
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Theory of spectra of helical molecular aggregates J. Chem. Phys. 126, 104904 ͑2007͒ connection between the monomer absorption spectrum and the aggregate absorption spectrum, we use the definitions Eqs. ͑4͒ and ͑5͒. Taking matrix elements of Eq. ͑7͒ in the ͉ n ͘ basis ͓the states ͉ n ͘ are defined after Eq. ͑10͔͒ and averaging over the ground vibrational state we obtain
In the CES approximation 57,58 the monomer Green operator g n is replaced by its average ͗g͘, which is independent of n for identical monomers. This leads to the equation
which will be used to obtain the absorption and CD spectra. Because ͗g͘ as well as ͗G͘ are complex quantities, their knowledge not only gives the absorption and CD ͑which are proportional to the imaginary part͒, but also the dispersion and the ORD ͑which are proportional to the real part͒.
III. RESULTS
In this section the general approach of the previous section is applied to the special case of an infinite cylindrical aggregate. The arrangement of the monomers is sketched in Fig. 2 . As discussed in Ref. 46 the cylindrical aggregate can be viewed as composed of several helices wound around the surface of the cylinder. However, the analysis for several helices wound around a cylinder is valid also for a single helix and even applies when the radius of the helix shrinks to zero. We consider N 2 identical helices with helicity angle 1 ͑see Fig. 2͒ . The separate helices ͑in Fig. 2 , six in total͒ are rotated through an angle 2 with respect to each other so that 2 =2 / N 2 . Then the monomers are arranged in an infinite cylindrical stack of circular rings of N 2 monomers. An individual ring is denoted by n 1 , and the monomers within one ring are labeled by n 2 . Each monomer is then labeled by ͑n 1 , n 2 ͒, with −ϱഛn 1 ഛϱ and 0 ഛ n 2 Ͻ N 2 . It will be convenient to use the short notation n ϵ͑n 1 , n 2 ͒, ϵ͑ 1 , 2 ͒, n = n 1 1 + n 2 2 . Let denote the radius of the cylinder/ helix ͑which is assumed to be much smaller than the wavelength of the incoming light͒ and a the distance between neighboring rings. The radial, tangential, and vertical ͑paral-lel to the helix axis͒ components of the transition dipoles of the monomers are given by r ϵ sin ␤ sin ␣, t ϵ sin ␤ cos ␣, and v ϵ cos ␤ ͓with ␣ and ␤ as defined in Fig. 2͑a͔͒ . For a more detailed discussion of the cylinder geometry, see Appendix A.
The further results presented in this section are derived in detail in Appendix B. There one sees that it is convenient to define an aggregate line shape function
where C is a real number with dimension of energy and Im denotes the imaginary part. It is important to note that for a given monomer line shape function −Im͗g͑͒͘, the aggregate line shape function S͑C , ͒ depends only on the value of C, since Re͗g͑͒͘ can be obtained from a Kramers-Kronig transform. Furthermore, the center ͑first moment͒ of S͑C , ͒ is shifted by the energy C with respect to the center of the monomer absorption line shape −Im͗g͑͒͘ ϵ S͑0,͒ and the integrated area ͐S͑C , ͒d is independent of the value of C ͑this follows directly from the sum rules discussed in Ref.
58͒. In the following the dependence of S͑C , ͒ is not written explicitly anymore.
A. Absorption
For light propagating perpendicular to the cylinder axis, one finds an absorption cross section perp = 4N c 1 2
For light propagating parallel to the helix axis, the absorption cross section is 
The interaction energies C ʈ , C Ќ , and C R/L are given by
where V n0 denotes the interaction of monomer n with the monomer labeled 0. Since the V nm are assumed independent of vibrations, these energies ͑C ʈ , C Ќ , and C R/L ͒ are just the energy shifts from the monomer excited-state energy which would occur in a purely electronic theory of absorption. In the case of a helix, which was discussed in Sec. I, the energies C ʈ , C Ќ , and C R/L correspond to C͑l = N͒, C͑l = M͒, and C͑l = Q ± M͒, respectively ͓see Eqs. ͑2͒ and ͑3͔͒. In Eq. ͑22͒ the contribution proportional to v 2 stems from light polarized parallel and the contribution proportional to r 2 + t 2 from light polarized perpendicular to the cylinder axis. In the case of light propagating parallel to the cylinder axis ͓Eq. ͑23͔͒, the polarization is perpendicular to the cylinder axis.
If ͉C Ќ − C L/R ͉ is small compared to the width of S͑C Ќ ͒, which will be the case for aq Ӷ 1, the absorption cross section for light propagating parallel to the helix axis can be
͑20͒
In the case of an isotropic ensemble of aggregates ͑denoted by iso ͒, one then obtains iso = 1 3
B. Circular dichroism
The CD signal for light propagating perpendicular to the cylinder axis is given by
where =2c / denotes the wavelength of the light. This shows that for light propagating perpendicular to the helix axis, the CD spectrum consists of two bands with opposite sign and equal strength ͓see the discussion after Eq. ͑14͔͒. The line shapes of the two bands are identical to the corresponding line shapes of the absorption bands for light that is polarized parallel or perpendicular to the helix axis, respectively. The magnitude of the signal is proportional to the cylinder radius and to the vertical and tangential components v , t of the monomer transition dipoles.
The CD signal for light propagating parallel to the cylinder axis is given by
Note that in contrast to Eq. ͑22͒ the dimensionless ratio / does not occur. In the case of an isotropic sample, one has
If the distance a is much smaller than the wavelength of light, Eq. ͑23͒ can be approximated by ͑see Appendix B͒
which shows that the line shape of the CD band is approximately the derivative of the corresponding absorption line shape S͑C Ќ ͒ for light polarized perpendicular to the helix axis. In this approximation a factor a / appears in Eq. ͑25͒ in analogy to the factor / in Eq. ͑22͒. The expression Eq. ͑25͒ is essentially that given by Moffitt et al. 15 as the missing term in Moffitt's 14 work. This term also appears in the recent work of Didraga et al. 46 on cylindrical aggregates. However, one sees that Eq. ͑25͒ is an approximation to the exact result of Eq. ͑23͒. Note also that in our approach the line shape S͑C Ќ ͒ is not introduced as a line broadening at the end of the calculation as, for example, in Ref. 46 , but is decided explicitly by the monomer line shape and the interaction energy C Ќ .
By comparing Eqs. ͑23͒ and ͑22͒, one sees that the orientation of the monomers with respect to the helix axis plays a crucial role in deciding the magnitudes of CD para and CD 
C. An example calculation
To illustrate the use of the CES method, we will consider a helical aggregate composed of identical monomers and investigate the dependence of the absorption, CD, and ORD spectra on the number of monomers per helix turn. Since we are dealing with a single helix ͑and not a cylinder͒, there is only one monomer per ring in Fig. 2 and therefore only the angle ϵ 1 has to be considered. Note that the number of monomers per turn determines the angle . For the absorption spectrum of the monomers, we take as example a typical spectrum of an organic dye, specifically the monomer absorption spectrum of the pseudoisocyanine ͑PIC͒ dye measured in Ref. 63 . This monomer absorption line shape is shown in Fig. 3͑a͒ . Note that the monomer absorption is proportional to −Im͗g͑͒͘. The real part of ͗g͑͒͘ can then be calculated using a Kramers-Kronig relation. The ͑com- plex͒
͑22͒ and ͑23͒ to give the CD spectrum. The PIC monomer possesses no intrinsic CD or ORD ͓see Figs. 3͑h͒ and 3͑o͔͒.
To calculate the aggregate spectra, one has to specify details of the geometry of the helix ͑see Fig. 2͒ . The axial translation between neighboring monomers is taken to be a = 1 nm, which is roughly the order of magnitude one expects from cryo-TEM measurements. 48, 49 The absorption spectrum covers the spectral range from = 400 nm to = 600 nm. Therefore the product aq is of the order of 1 / 100 and we have used that value in the calculations ͓note that for aq = 1 / 100 the approximate equations ͑21͒ and ͑25͒ are valid and a only scales the magnitude of CD para ͔. Since in the following calculations the focus lies on the line shape of the spectra ͑and not on their absolute magnitude͒, one sees from Eqs. ͑22͒ and ͑23͒ that for the CD spectrum the relevant functions are S͑C ʈ ͒ − S͑C Ќ ͒ and Fig. 3 . To obtain a simple expression for the absorption line shape, the angle ␤ is chosen such that sin 2 ͑␤͒ = 4 cos 2 ͑␤͒; thus ␤ Ϸ 63°. Then the line-shape function for light propagating perpendicular to the helix takes the form S͑C ʈ ͒ +2S͑C Ќ ͒. This function is shown in the left column of Figs. 3͑b͒-3͑g͒ ͑solid lines͒ for different angles . In the same figures also the contribution of light propagating parallel to the helix axis S͑C Ќ ͒ is plotted ͑dotted line͒. Because for a given nearestneighbor interaction strength the value of C ʈ is independent of the angle , the contribution of S͑C ʈ ͒, belonging to light polarized parallel to the helix axis, stays the same in all plots ͑peak centered around 17 800 cm −1 ͒. The function S͑C ʈ ͒ is proportional to the solid curve in Fig. 3͑b͒ . In the second column ͓Figs. 3͑h͒-3͑n͔͒ we have plotted S͑C ʈ ͒ − S͑C Ќ ͒ ͑solid lines͒, which is proportional to the CD perp , and S͑C L ͒ − S͑C R ͒ ͑dotted lines͒, which is proportional to CD para . We will, furthermore, consider the ORD. Therefore, in analogy to Eq. ͑14͒, we define
In the third column ͓Figs. 3͑p͒-3͑u͔͒ we have plotted R͑C ʈ ͒ − R͑C Ќ ͒ ͑solid line͒ and R͑C L ͒ − R͑C R ͒ ͑dotted line͒, which are proportional to the ORD of light propagating perpendicular and parallel to the helix axis, respectively. In the second row ͓Figs. 3͑b͒, 3͑i͒, and 3͑p͔͒, the aggregate spectra in the case = 0°, where the dipole transition moments of all monomers are parallel, are displayed. The absorption shows a typical J band ͑a narrow peak redshifted with respect to the monomer absorption mean position͒. For = 0, one has C Ќ = C ʈ , and therefore the position and line shape of the perpendicular polarized absorption band S͑C Ќ ͒ are identical to those of parallel polarization S͑C ʈ ͒. This is also the reason why the CD spectrum for light propagating perpendicular to the helix axis vanishes ͓see Eq. ͑22͔͒. Since C R = C L ͓see Eq. ͑19͔͒, the CD spectrum for light polarized parallel to the helix axis vanishes too. For = 30°͓Figs. 3͑c͒, 3͑j͒, and 3͑q͔͒, C Ќ is slightly bigger than C ʈ and therefore the position of S͑C Ќ ͒ is at higher energies compared to S͑C ʈ ͒, which leads to an apparent broadening of the J band in the absorption spectrum ͓Fig. 3͑c͔͒ and also to nonvanishing CD and ORD ͓Figs. 3͑j͒ and 3͑q͔͒. Considering CD perp in Fig. 3͑j͒ , one sees that the positive peak ͓which is due to S͑C ʈ ͔͒ is higher and narrower compared to the negative peak ͓which is due to S͑C Ќ ͔͒. This is easy to understand. With increasing C Ќ not only is the position of the band S͑C Ќ ͒ shifted to higher energies, but its width also increases, since ͉C Ќ ͉ has decreased. 57 A similar reasoning holds for CD para . For = 60°even in the absorption spectrum ͓Fig. 3͑d͔͒ it can be seen that the perpendicular polarized band ͑centered around 18 500 cm −1 ͒ has clearly split off from the parallel polarized band and its width has increased further.
In the case = 90°, one has C Ќ = 0. Thus the line shape S͑C Ќ ͒ is identical to the monomer line shape. This is noteworthy, since if one measures only the isotropic absorption in an experiment, often it is concluded that the broad band from approximately 18 000 to 20 000 cm −1 stems from residual monomers. However, CD or ORD can reveal the fact that the band does belong to the same aggregate as the sharp absorption peak at 18 000 cm −1 . With a further increase of , the energy C Ќ becomes positive and, in addition to the parallel polarized J band, a typical H band ͑blueshifted with respect to the monomer absorption͒ develops in the aggregate absorption spectrum. The line shape of the H band and the influence of vibrations were extensively studied in Ref. 60 . Due to the asymmetric line shape of the monomer, caused by internal vibrations, the line shape S͑C Ќ ͒ of the H band for a given ͑positive͒ value of C Ќ is not the mirror image of the line shape S͑−C Ќ ͒. In the last row of Fig. 3 , the extreme case = 180°͑two monomers per turn͒ is shown. Note that now CD perp vanishes identically ͓because for = 180°, one has C R = C L , see Eq. ͑19͔͒.
IV. COMPARISON WITH EXPERIMENT
To apply the foregoing theoretical results to experimental spectra, we consider the absorption and CD spectra of two different dye aggregates, where both monomers show no CD. The first dye to be considered is PIC, whose monomer spectrum has been given already in Fig. 3͑a͒ . The second example is the dye 3 , 3Ј-bis͑3-carboxypropyl͒-5,5Ј ,6, 6Ј-tetrachloro-1 , 1Ј-dioctylbenzimidacarbocyanine ͑TDBC/ C8O3͒ usually simply abbreviated as C8O3, 47 which was investigated in some detail recently. [38] [39] [40] Using cryotransmission electron microscopy, it became possible to resolve the structure of the aggregates of PIC ͑Ref. 48͒ and C8O3 ͑Ref. 49͒ on the nanometer scale. For PIC a rodlike morphology, with a rod diameter of approximately 2.3 nm, has been found. 48 It was shown that C8O3 aggregates into tubular strands with a diameter of about 10± 1 nm ͑Ref. 49͒ and that C8O3 ͑in polyvinyl alcohol͒ has a bilayered arrangement of the chromophores in the tubulars. 39 As demonstrated in the previous section, the measurements of the polarization-dependent absorption spectra and of CD para , CD perp provide important clues to the orientation of the monomers within the cylindrical aggregates. Such studies were carried out by, e.g., Mandel and Holzwarth 34 for polypeptides and they were able to extract the various contributions to the CD spectrum corresponding to different light propagation directions. Unfortunately, we did not find absorption and CD spectra of dye aggregates measured on oriented samples for different light propagation directions. Therefore we can only compare the theory with averaged spectra. For absorption we thus have ͓see Eq.
Here F ϵ 4N 2 /3c, v 2 = cos͑␤͒ 2 , and ͑ r 2 + t 2 ͒ = sin͑␤͒ 2 are used ͑see Fig. 2͒ . Since the distance between neighboring monomers is much smaller than the wavelength of the absorbed light, the approximate Eq. ͑21͒ is used. Under this condition ͑aq Ӷ 1͒ one can approximate Eq. ͑19͒ as follows:
with ͓see also Eq. ͑B20͔͒
Then the CD spectrum can be written as
From Eq. ͑27͒ one sees that the isotropic absorption can be fitted using C ʈ , C Ќ , and ␤ as fit parameters. Since for the considered dye aggregates the contributions proportional to S͑C ʈ ͒ and S͑C Ќ ͒ are energetically well separated, from the fit of the aggregate absorption spectrum it is possible to obtain all three parameters C ʈ , C Ќ , and ␤ unambiguously. To fit the CD spectrum, one has, furthermore, the parameters ␣, , and ⌬ ͓see Eq. ͑30͔͒. Note that the line shape of light propagating parallel to the cylinder axis ͓second term on the right-hand side ͑rhs͒ of Eq. ͑30͔͒ is already determined by the parameters C ʈ and C Ќ obtained from the fit of the absorption spectrum. Figure 4͑a͒ shows the measured monomer absorption spectrum in methanol. 63 The experimental aggregate absorption and CD spectra ͑solid lines͒ shown in Fig. 4 are measured in an ethyl cellulose polymer film ͑5 wt %, ϳ20 m film thickness͒. 64 Measurements on oriented PIC aggregates suggest that the absorption band at around 17 500 cm −1 is due to the absorption of light that is polarized parallel to the long axis of the aggregates ͑see, e.g., Ref. 5͒. Therefore we associate this band with S͑C ʈ ͒ and the broad band in the region of monomer absorption with S͑C Ќ ͒. As described af- ter Eq. ͑30͒ from the fit of the aggregate absorption spectrum ͓Fig. 4͑b͔͒, the interaction energies C ʈ = −1600 cm −1 , C Ќ = + 180 cm −1 , and the angle ␤ = 67°were obtained. Next consider the CD spectrum ͓Fig. 4͑c͔͒. We first fix the parameters of the second term on the rhs of Eq. ͑30͒. The line shape is already determined by C ʈ and C Ќ . This spectrum is shown in Fig. 5 ͑dashed line͒ together with the measured CD ͑solid line͒. Since the first term on the rhs of Eq. ͑30͒ is centered around S͑C Ќ ͒ and has no contributions in the region of the peak around 17 500 cm −1 ͓associated with S͑C ʈ ͔͒, the CD signal around 17 500 cm −1 stems only from the second term on the rhs of Eq. ͑30͒. This fact is used to fix the absolute magnitude of F͑2 / ͓͒sin͑2␤͒ /2͔cos͑␣͒. As can be seen in Fig. 5 ͑dashed line͒ the contribution so obtained ͑only light propagating perpendicular to the cylinder͒ reproduces the CD spectrum quite well. However, there is still the first term on the rhs of Eq. ͑30͒ to consider. Using ⌬ =0,5 cm −1 , we found the best agreement between the measured CD spectrum and the calculation. The calculated curve can be found in Fig. 4͑c͒ ͑dashed curve͒. The contribution of light propagating parallel to the cylinder is shown in Fig. 5 ͑dotted curve͒. Due to the fact that the aggregate spectra are measured in a different solvent compared to the monomers, all calculated spectra were slightly shifted to lower energies by 100 cm −1 . In Fig. 4͑d͒ the calculated ORD spectrum is shown also. We have found no ORD spectrum measured under similar conditions to the CD and absorption measurements.
A. The pseudoisocyanine dye
B. The C8O3 dye
In Fig. 6 the measured monomer and aggregate spectra of C8O3 are shown as solid lines. The monomer spectrum ͓Fig. 6͑a͔͒ is measured in methanol and the absorption spectrum of the aggregate ͓Fig. 6͑b͔͒ in 10 −2 M NaOH ͑concen-tration 5 ϫ 10 −4 mol/ l͒. All measured spectra are taken from Ref. 65 . The calculation of the theoretical spectra was done in the same way as described in the previous section. Although in Ref. 39 a double cylinder structure was found, we did the fit using the model of a single cylinder. From the fit of the absorption spectrum ͓Fig. 6͑b͒, dashed curve͔ the parameters C ʈ = −2800 cm −1 , C Ќ = −1930 cm −1 , and ␤ = 47°w ere obtained. With these parameters the CD spectrum for light propagating perpendicular to the cylinder is fitted as described in the previous section. It is shown in Fig. 7 as the dashed curve. Clearly in the region around 17 000-18 000 cm −1 this curve shows little resemblance to the measured spectrum ͑black solid line͒. That means there has to be a big contribution from CD para . The best agreement between calculation and measurement was obtained using ⌬ =17 cm −1 . The isotropic CD spectrum fitted in this way is shown in Fig. 6͑c͒ . The contribution of light propagating parallel to the cylinder axis is shown in Fig. 7 ͑dotted curve͒. One sees a good overall agreement in the absorption spectrum as well as in the CD spectrum of the aggregate. It was shown in Ref. 65 that the peak around 19 000 cm −1 does not belong to the aggregate but is due to residual monomers, dimers, trimers, etc. We see that in the absorption spectrum the sharp peak at about 16 700 cm −1 is reproduced very well. The theoretical peak at 17 500 cm −1 is narrower than the measured one, but that might be due to the above mentioned residual monomers/dimers.
For simplicity, and to minimize the number of fit parameters, the above calculation was based on the asumption of a single cylindrical aggregate. However, results of cryo-TEM investigations suggest a double cylindrical structure of the C8O3 aggregates with an inner cylinder of diameter ϳ8 nm and an outer cylinder of diameter ϳ12 nm. If one uses two noninteracting cylinders as a model, a larger number of fit parameters is available and accordingly one can achieve better fit results. An example can be found in Ref. 62 , where the double cylinder model suggested by the cryo-TEM investigations is adopted and almost perfect agreement between theory and experiment are obtained, although, as mentioned before, the Rosenfeld approach is used. The formulas derived for isotropic samples with the formalism used in Ref. 62 are equivalent to the results reported in this paper for the case of cylinders with their axis oriented perpendicular to the light propagation direction. Note that in the fit shown in Fig. 6 there is a contribution of parallel propagating light that can not be ignored ͑see Fig. 7͒ .
V. CONCLUSIONS
In this paper the absorption and CD of infinite cylindrical molecular aggregates are studied. Using the CES approximation to handle internal vibrations of the monomers, simple expressions for the absorption and CD spectra of the aggregate are derived which demonstrate clearly the dependence of the spectra on the propagation direction of the absorbed light with respect to the axis of the cylinder. A theoretical consideration in the special case of a helical aggregate showed that the spectra exhibit a strong dependence on the number of monomers per turn. It might be interesting to study in the CES approximation finite helical/cylindrical aggregates and compare the results, on the one hand, with the infinite case considered in this paper and, on the other hand, with spectra obtained from an exact diagonalization of the aggregate Hamiltonian ͑which we find can only be accomplished for aggregates consisting of not more than approximately ten monomers if one includes one vibrational mode͒.
A comparison between theoretical calculations and experimental spectra gives good agreement when fitting both the absorption and the CD spectra simultaneously. However, it was not possible to deduce the molecular arrangement ͑po-sition and orientation of the monomers͒ within the cylinder, since no experimental spectra for different light propagation directions are available. The possibility to extract all parameters necessary to specify the geometry will now be discussed briefly. The parameters of the cylindrical aggregate are ͑see Fig. 2͒ 1 , 2 , a, , ␣, and ␤. The parameters used to fit the spectra are C ʈ , C Ќ , ⌬, , ␣, and ␤. As discussed in Sec. IV, from the fit of the absorption spectra one can obtain C ʈ , C Ќ , and ␤. The fit of CD para then yields ⌬ ͑here we have used that if the wavelength of light is much longer than the distance between neighboring monomers, one can write C L/R = C Ќ ϯ⌬͒. To fit CD perp only the radius and the angle ␣ are left as free fit parameters. For a known radius ͑e.g., from cryo-TEM measurements͒, fitting of propagation dependent absorption and CD spectra yields the parameters C ʈ , C Ќ , C L/R , ␣, and ␤. The angles ␣ and ␤ determine the orientation of the monomers in the cylinder. The energies C ʈ , C Ќ , and C L/R depend explicitly and also implicitly on 1 , 2 , and a via the dipole-dipole interaction
Thus, in principle, it is possible to solve the system of equations given by Eqs. ͑17͒-͑19͒ to obtain 1 , 2 , and a. This consideration shows that the use of oriented samples with orientations parallel and perpendicular with respect to the propagation direction of the light beam would allow the precise geometrical arrangement of the monomers to be inferred from the measurement. This is not possible using only the data on the isotropic case.
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APPENDIX A: THE CYLINDRICAL GEOMETRY
In the cylindrical geometry described in Sec. III, the position of monomer n is given by X n = cos cos n − sin sin n sin cos n + cos sin n hn 1 .
͑A1͒
We have introduced the angle which allows for a rotation around the cylinder axis. ͑We will average over this angle when we calculate the CD for light propagating perpendicular to the cylinder axis.͒ If r ϵ sin ␤ sin ␣, t ϵ sin ␤ cos ␣, and v ϵ cos ␤ ͑␣ and ␤ are defined in Fig. 2͒ are used to specify the radial, tangential, and vertical ͑parallel to the cylinder axis͒ components of the transition dipole located in the zero residue, then the transition dipole of monomer n is given by
APPENDIX B: DERIVATION OF THE ABSORPTION AND CD SPECTRA
In this appendix expressions for the CD spectra of cylindrical aggregates will be derived. First we consider light that is propagating perpendicular to the cylinder axis and then the case of light propagating parallel to the cylinder axis. The treatment of the two cases is slightly different: as outlined in Sec. I, in the first case the Rosenfeld treatment can be used; in the second case, this approximation is not justified.
CD for light propagating perpendicular to the cylinder axis
Consider light propagating in the x direction. ͑The cylinder axis is parallel to the z axis.͒ The wave vector q is then given by q = qê x , and the polarization vector for right and left circularly polarized light is R/L = ͑1/ ͱ 2͒͑ê y ϯ iê z ͒. To obtain the CD signal for this propagation direction, we will first rewrite Eq. ͑11͒ using the cylinder geometry described in the Appendix A. To find the CD in terms of the monomer bandshape function, we will then apply the CES approximation to handle the nuclear degrees of freedom of the monomers. We will make use of the fact that the radius of the helices is small compared to the wavelength of light, so that it is enough to expand the exponential containing the factor iq · ͑X m − X n ͒ only to first order, which corresponds to the standard Rosenfeld treatment.
Let us begin by rewriting Eq. ͑11͒. Inserting Eq. ͑10͒ into Eq. ͑11͒ and using Eq. ͑A2͒, we obtain
For different orientations of the cylinder ͑described by the rotation angle ͒, the CD is, in general, different. We are only interested in the CD averaged over all rotations of the cylinder about its axis,
with w͑͒ the probability to find the cylinder rotated by an angle around the ͑long͒ cylinder axis. If we assume equal probabilities for all angles, e.g., w͑͒ =1/2, then we obtain
If the radius is small compared to the wavelength of the incoming light, we can make the approximation e iqê x ·͑X m −X n ͒ Ϸ 1+iqê x · ͑X m − X n ͒. Performing the integration in Eq. ͑B3͒ and using Eq. ͑A1͒, we find
where q = / c is used.
To proceed further, we use the identity Eq. ͑13͒ in the CES approximation. First we consider the term ͚ nm ͗G nm ͑E͒͘ in Eq. ͑B4͒ and obtain
where we have also assumed that V is independent of the vibrational averaging. For an infinite one-dimensional aggregate, it is easy to see that
is independent of nЈ. Using Eqs. ͑17͒ and ͑B5͒ we obtain
and solve for ͚ nm ͗G nm ͘ to obtain
This is the first contribution to the CD spectrum of the cylinder for light propagating perpendicular to the cylinder axis. As shown in Ref. 59 the right-hand side of Eq. ͑B8͒ is the line shape for absorption of light polarized parallel to the cylinder axis. This explains the designation C ʈ . For the second contribution in Eq. ͑B4͒ we have to calculate ͚ nm ͗G nm ͑E͒͘cos͓͑m − n͔͒. We proceed analogously to the derivation of Eq. ͑B8͒ and obtain, within the CES approximation,
where we have introduced
Equation ͑B9͒ is the line shape for absorption of light polarized perpendicular to the cylinder axis. Inserting Eqs. ͑B9͒ and ͑B8͒ into Eq. ͑B4͒ we obtain finally
CD for light propagating parallel to the cylinder axis
For light propagating in the z direction ͑along the cylinder axis͒, the wave vector q is given by q = qê z and the polarization vector for right and left polarized light is R/L = ͑1/ ͱ 2͒͑ê x ϯ iê y ͒.
In this case of light propagating parallel to the cylinder axis, it is possible to obtain the absorption spectra for left and right circularly polarized light without any further approximation ͑apart from the CES approximation͒. We will therefore proceed differently as in the previous section ͑CD for light propagating perpendicular to the cylinder axis͒, where we expanded the factor exp͑−iq · X n ͒ to first order. Now we cannot make this expansion because the length of the cylinder is much longer than the wavelength of the light. Therefore we have to keep the whole factor exp͑−iq · X n ͒ = exp͑−iqan 1 ͒.
Starting from Eq. ͑10͒ and using the identity Eq. ͑13͒ in the CES approximation, one obtains The first term on the left-hand side is proportional to the absorption spectrum of the aggregate for light that is propagating parallel to the cylinder axis and is right or left circular polarized. The term of the right-hand side is proportional to the absorption spectrum of the monomers. We consider the second term on the left-hand side of Eq. ͑B12͒ and define To compare our results with those of previous theories, we will make some further approximations. First note that
N 2 −1 sin͑n͒sin͑qan 1 ͒V n0 . ͑B19͒
For molecular aggregates typically a Ϸ 1 nm and 1 / q Ϸ 100 nm, so that one can expand sin͑qan 1 ͒ in Eq. ͑B19͒ to obtain
N 2 −1 n 1 sin͑n͒V n0 . ͑B20͒
In making this expansion one has to be careful, since for large n 1 the argument qan 1 becomes also large. However, for large n 1 the interaction V n0 becomes very small, so that the expansion can be performed. Formally one can introduce a cutoff n 1 max in the n 1 summation. A consideration similar to the one above was used by Loxsom 31 to compare his results with those of Moffitt et al. 15 With the result Eq. ͑B20͒ we can rewrite Eq. ͑B18͒ as
͑B21͒
In the first step we have used in the denominator C R Ϸ C L Ϸ C Ќ . Using ‫ץ͑‬ / ‫͗͒ץ‬g͘ =−ប͗g͘ 2 , one finds Im͗g͘ 2 / ͑1 − C Ќ ͗g͒͘ 2 = ͑1/ប͒͑‫ץ‬ / ‫͒ץ‬S͑C Ќ ͒ with S͑C Ќ ͒ =−Im͓͗g͘ / ͑1 − C Ќ ͗g͔͒͘ the absorption line shape of light polarized perpendicular to the cylinder axis ͓see Eq. ͑14͔͒. Thus
which shows that the line shape of the CD band for light propagating parallel to the cylinder axis is approximately the derivative of the corresponding absorption line shape for light polarized perpendicular to the cylinder axis. This is in accordance with the results given in Refs. 23, 32, 34, and 46.
